Abstract. We study a two-parameter family of Riemann problems for the unsteady transonic small disturbance (UTSD) equation, also called the two-dimensional Burgers equation. This equation has been used by several authors to model weak shock re ection phenomena. The two parameters, a and b, which de ne oblique shock initial data, correspond to the slopes of the initial shock waves. We shall denote this oblique shock Riemann problem by OS-UTSD. Even though this initial value problem is not that of oblique shock re ection, it may be related to it, and it has relevance in its own right as a particular class of two dimensional Riemann problems.
Introduction
The results of this paper shed light on the structure of solutions of the unsteady transonic small disturbance equation (or the two-dimensional Burgers equation). This equation was used to model weak shock re ection phenomena; see, for example, 1], 9], 13], 19]. We study a two-parameter family of oblique shock initial value problems for the UTSD equation, (OS-UTSD), which was rst studied in relation to weak shock re ection by Brio and Hunter in 1]. Even though this initial value problem is not that of oblique shock re ection, it may be related to it, and it has relevance per se as a particular class of two dimensional Riemann problems. Our study in this paper con rms theoretical predictions and conjectures obtained by Cani c and Key tz in Ref. 3] and deepens the understanding of the structure of solutions of the OS-UTSD problem.
We study the unsteady transonic small disturbance equation:
u t + uu x + v y = 0;
?v x + u y = 0; 
We also require \no ow through the wall" boundary data along the x-axis: 
where x = x(y; t) denotes the shock position. Thus, initial discontinuities will propagate as shocks. Asymptotically, for t > 0 and y ! 1, the 
Following the terminology of Ref. 3] we call this the oblique shock interaction problem.
The main theme of this paper is a numerical study of ne solution structures which occur in the zone of interaction of shock waves S 1 and S 2 , for values of a and b in a bifurcation diagram introduced in Refs. 3] and 6]. The bifurcation diagram was based on theoretical results about hyperbolic wave interactions which occur in this model, and on conjectures about interactions of shocks with the subsonic region. We employ a high resolution numerical method to resolve the intricate wave interactions.
The numerical method we implemented is described in Section 2. We used a modi cation of methods studied by Osher in Ref. 14] and by Osher and Sethian in Ref. 15 ] to approximate equation (1) in potential form.
In Section 3 we summarize the basic concepts used to obtain the bifurcation diagram in Refs. 3] and 6].
In Sections 4 to 6 we study solution patterns that comprise the bifurcation diagram and correspond to the OS-UTSD prototype of regular, von Neumann, Mach, transitional Mach, and kinky Mach re ection.
Our ndings have three important consequences.
The rst is the resolution of a solution pattern arising for the parameter values in the region we call a \prototype of von Neumann re ection" (studied in 3]). For the parameter values in question, shock polar analysis for the UTSD equation does not provide a solution, and a theoretical study of the ow in the zone of interaction of waves indicates a structure which looks much like von Neumann re ection, 3]. Namely, shock S 1 bends smoothly forming a \Mach stem" while the shock S 2 \meets" S 1 at a point above the wall where the strength of S 2 becomes zero and the ow continuously changes from supersonic (ahead of S 2 ) to subsonic (behind S 2 ); see Figure 2. Theoretical results of Refs. 4] and 5] indicate that the horizontal component of the velocity behind the shock S 2 where its strength becomes zero, exhibits a square-root type singularity. Indeed, our numerical study of the UTSD equation enabled us to zoom in the solution and obtain a set of data for which the nonlinear least squares t indicates the square-root type behavior predicted in Ref. 5] . Details are given in Section 5.
It remains to be seen whether and how this con guration is related to von Neumann re ection. There are some parallels that can be drawn. For example, the solution patterns are similar in that in both cases the incident shock (S 1 in our case) bends smoothly forming a Mach stem, and the ow changes smoothly across the re ected wave (S 2 in our case) near the point of interaction with the incident shock. Moreover, several authors who studied von Neumann re ection modeled by the full set of Euler equations (see Refs. 7] , 11], 17]) reported the region with \high velocity gradients" in the re ected wave, near the incident shock and the Mach stem. Further studies will show whether or not the region with high velocity gradients cor- A sketch of the OS-UTSD prototype of von Neumann re ection responds to the square-root singularity in the subsonic ow reported in this paper. We conclude this discussion with a remark which further describes the re ected wave in von Neumann re ection. Numerical and experimental results reported by Colella and Henderson in Ref. 7] indicate that the re ected wave is probably an isentropic disturbance arising from the interaction zone with no visible contact discontinuity. This is why the UTSD equation seems to be a particularly good model to study von Neumann reection both theoretically and numerically. In the derivation of the UTSD equations higher order terms corresponding to entropy waves (linearly degenerate waves) have been ignored, and the resulting simpli ed equations retain certain nonlinear features shared by the full set of compressible Euler equations (see Ref
]).
The second important consequence of the results obtained in this paper is a con rmation of the results and conjectures about the solution structures obtained in Ref. 3] for other parameter values. These correspond to the OS-UTSD prototype of regular, Mach and transitional Mach re ection described in Sections 4 and 6, respectively.
Finally, the third is related to a resolution of an intricate wave interaction arising in the OS-UTSD prototype of transitional and kinky Mach re ection. As we shall see in Section 6, for certain parameter regimes (corresponding to transitional and kinky Mach re ection for the OS-UTSD problem), numerical simulations indicate a triple shock con guration. It can be proved (see Ref. 1] ) that the triple shock con guration is not possible in this model. Of course, this is the case for the full set of Euler equations and weak enough shocks as well. To resolve the triple shock paradox arising in the UTSD equation, the presence of a logarithmic singularity in the subsonic solution at the triple point was suspected. However, the work of Gamba, Rosales and Tabak in Ref. 8] shows that such a solution cannot be matched with the rest of the ow, and therefore is inadmissible. Our ndings show that the state behind the re ected wave at the triple point is, in fact, sonic; see Section 6. Thus, a quasi-one-dimensional Riemann problem takes place at the triple point. We show that this quasi-one-dimensional problem has a solution which contains a small hyperbolic region behind the point of interaction of waves. More precisely, shock polar analysis of this quasi-one-dimensional Riemann problem implies the existence of a unique local solution consisting of a shock and a thin rarefaction wave. These hyperbolic states soon become sonic and the ow changes to subsonic (see Figures 16 and 17) . Our numerical simulations indicate that this solution indeed occurs. Details are given in Section 6.
Description of the Numerical Method
In this section we describe the numerical method we used to study the UTSD equation. We note that our choice of a particular numerical method depended mostly on numerical evidence and the present experience in numerical approximation of conservation laws that change type. We followed the ideas given We solve the oblique shock interaction problem (1), (2), described in Section 1, written in potential form. Namely, since the ow is irrotational, there exists a potential, , such that ( x ; y ) = (u; v). The potential satis es xt + x xx + yy = 0:
Since is continuous across a shock, by xing the value of at one point, e.g., (1; 0) = 0, one recovers the initial data for (5) 
Finally, the boundary data at the wall reads y = 0:
6 Two-Dimensional Burgers Equation
To solve this problem we rst integrate equation (5) (8) with respect to the space variables. Next, a full discretization is obtained using a Runge-Kutta method for the system of ordinary di erential equations obtained in the rst step. The spatial domain of equation (8) . To obtain better resolution and fewer oscillations for the parameter regimes that are of interest to our study, we introduce di erent spatial discretization of the nonlinear term u 2 =2, and employ boundary conditions which minimize re ection from the top boundary.
Before we describe the discretization, we introduce some standard notation. For mesh sizes x, y and t, n i;j will denote a numerical approximation to the solution (x i ; y j ; t n ), where x i = x 0 + i x; i = 0; 1; : : : ; N x ; y j = y 0 + j y; j = 0; 1; : : : ; N y ; t n = n t:
Also, let i;j (t) denote an approximation of a true solution , at (x i ; y j ) for t 0. We denote the forward and backward di erence operators in the usual way: We rst discretize (8) with respect to the spatial variables to obtain a system of ordinary di erential equations of the form d i;j dt = F( )] i;j ; (9) ) = 0; arising in front propagation problems. High order ENO schemes are usually constructed in two steps. One begins with a rst-order monotone scheme, and then builds up a higher order approximation using an ENO interpolation procedure. We follow the same steps for the spatial discretization of the nonlinear convection term
We begin with the following upwind, rst order, monotone numerical ux which approximates H: h(u n j ; u n j+1 ) := min(u n j+1 ; 0) 
is, therefore, formally of second order because of the use of a central difference approximation for yy , and the trapezoidal rule for the integration. We calculate this approximation recursively by using Numerical simulations indicate that this method converges to the entropy solution. We compared our numerical results with the exact solutions in the parameter regimes for which the exact entropy solution can be obtained. This is, for example, the case with Mach and regular re ection, presented in Section 4. In both cases the numerical solution converges to the exact entropy solution. Moreover, we observe that shocks, which travel at the correct speeds, exhibit no spurious oscillations.
The Bifurcation Diagram
In this section we present the basic concepts used to obtain the bifurcation diagram introduced in Refs. 3] and 6], shown in Figure 4 . They rely on the properties of self-similar solutions of (1).
In self similar coordinates, = x=t; = y=t, equation (1) reads
Equation (13) changes type across a curve P u : + 2 4 = u: The problem is elliptic inside P u , where the ow is subsonic, and hyperbolic outside, in the supersonic region. Linearized around a constant state U = (u; v), characteristics are straight lines tangent to the parabola P u . The domain of in uence of a point is the union of the forward wave cone through the point and the parabola P u . See Figure 3 .
The elliptic regions corresponding to U 0 , U 1 and U 2 are conveniently nested. If = S ( ) denotes the shock position, the states across the shock 
where ] denotes the jump in a state variable across a shock. The initial value problem (1) and (2) in self-similar coordinates becomes a Cauchy problem with data given along a space-like curve at in nity. Unlike the full set of compressible Euler equations, or the wave equation, a space-like curve at in nity for the UTSD equation is not a circle. Because the x-axis is time-like, we are not allowed to impose data at x ! ?1. We can think of the Cauchy data as given along a parabola P R , with R ! 1. (More details are given in Ref. 3] .) This is the reason why, using the numerical method described in the previous section, we sweep the domain from right to left, with data given in the computational domain (computational rectangle) along the upper and the right edge of the rectangle, with v = 0 along the wall (bottom edge).
Depending on the values of a and b, shock S 2 either overtakes S 1 , the shock S 1 travels faster than S 2 , or S 1 and S 2 travel with the same speed, (4) . The last case corresponds to the OS-UTSD prototype of uniform regular re ection, described in Section 4. For other parameter values one of the following three things can happen. The two shocks can interact in the strictly hyperbolic region giving rise to new hyperbolic waves, the shock S 1 can hit the wall and generate a new wave which \joins" S 2 , or, one or both shocks can rst interact with the subsonic region leading to a free-boundary problem for the position of a transonic shock. Based on the type of hyperbolic wave interaction and the type of free-boundary problem that arise for di erent values of a and b, a bifurcation diagram, shown in Figure 4 , was conjectured in Refs. 3] and 6].
A geometric description of the curves that comprise the bifurcation diagram can be summarized as follows.
Curve J: The curve J corresponds to the loci of points for which the two shocks, S 1 and S 2 , meet at the wall leading to the uniform regular re ection. 
Notice that not all shock intersections in the hyperbolic region will lead to a hyperbolic wave interaction which is determined by the data at in nity. For example, Figure 5b shows that for a = 0:5 and b = 1:2 the intersection, I , lies \beyond" P 2 . Namely, before intersecting with S 1 , the shock S 2 \passed through" P 2 and \emerged" on the other side of P 2 moving \backward in time". Before resolving the interaction with S 1 , we need to solve a freeboundary problem for the transonic part of S 2 . Therefore, the intersection S 1 \ S 2 will most likely not occur at I , but at a perturbed point e I .
To distinguish the shock intersections which lead to hyperbolic problems determined by the data at in nity, we have the following.
De nition 2 ( 3] ) An admissible intersection is one that is completely determined by the data at in nity. 1=2 serves as a boundary of the region in the parameter space for which the state behind the re ected wave cannot be hyperbolic. More details will be given in Section 4.
Curve M: Since the curve M lies in the region above I and below K, the shock S 2 intersects the parabola P 2 before intersecting S 1 . If the intersection of S 1 and S 2 occurs before S 2 becomes tangent to some parabola, P T , and starts moving \backward in time", the type of interaction between S 1 and S 2 leads to a prototype of perturbed Mach re ection solution described in Section 6. Assuming small changes from uniform ow (therefore, assuming small changes in the position of S 2 after it enters the subsonic region P 2 ), the upper boundary of the region in the parameter space where this con guration occurs is determined by calculating the set of points (a; b) for which the shock S 2 intersects S 1 exactly at a point of tangency to the parabola P T . A simple calculation shows that this happens for
To study the structure of solutions that occur in di erent regions of the bifurcation diagram shown in Figure 4 , we will have to solve a class of quasi-one-dimensional Riemann problems. Quasi-one-dimensional Riemann problems for the UTSD equation were studied in detail in Ref. 3] . We present here a summary of the techniques, and use it in later sections.
Quasi-one-dimensional Riemann Problems
The study of local solutions of quasi-one-dimensional Riemann problems arising in self-similar solutions for oblique shock initial data (2) is based on a generalization of wave-curve analysis coupled with the Lax admissibility criterion. In contrast with one-dimensional Riemann problems, the coe cients of the system (13) depend not only on the state variables, but on the physical variables as well. This means that the solution of a quasione-dimensional Riemann problem will depend on the position where the wave interaction takes place in the physical space. Therefore, a quasi-onedimensional problem has data consisting of a center I , and two states U 1 and U 2 , given along a space-like line, L, through I The Rarefaction Polar Writing system (13) (21) Since both U and U i must be hyperbolic at I , the curve is de ned for u u s = 2 I =4 + I . We will denote by R ? and R + the branches of the rarefaction polar that correspond to the ? or + sign, i:e:, to ? or + characteristics.
The Downstream Wave Locus The downstream wave locus of a state U i is the set of all states U which can be joined to U i by a shock or a rarefaction wave in which U i is the upstream state, 3]. If U i is hyperbolic, the downstream wave locus is the union of the loop part of the shock polar, de ned for u > u i , and the two branches of the rarefaction polar, de ned for u u i . See Figure 6 . Figure 6 , the Riemann problem has a unique admissible solution. If U 2 lies in region 3, the Riemann problem may have none, one or two solutions.
We begin the description of the structure of solutions by rst considering the cases in which quasi-one-dimensional Riemann problems arise in the strictly hyperbolic region. We present global solutions and compare the numerical simulations with the exact local solutions in the neighborhood of the point where the shock interaction takes place. A sketch of the solution is shown in Figure 7 . A numerical simulation is presented in Figure 8 . Figure 8 shows a contour plot of v for the point (a; b) = (0:2; 0:1) 2MR. The gure shows S 1 and S 2 intersecting at a point I that lies in the region of supersonic (hyperbolic) ow, giving rise to new hyperbolic waves: a +-shock between U 0 and an intermediate state U M , and a ?-rarefaction wave between U 2 and U M . The region of nonuniform ow corresponds to the subsonic region which is bounded by the sonic parabola P u M . The local hyperbolic wave interaction at I can be solved by using the downstream loci through U 0 and U 2 . The con gurations of the downstream wave loci through U 0 and U 2 are given in Figure 9 . The intermediate state, U M , which lies in the intersection of the R ? -branch of the rarefaction polar through U 2 , and the S + -branch of the shock polar through U 0 , is given by U M = (2:995; ?0:0129). We compared this value with the numerically calculated value of the solution in the region which corresponds to U M . The point at which the value for U M is taken, P M , is shown in Figure 8 A solution which consists of the shock S 1 meeting with S 2 (or a perturbation of S 2 , e S 2 ) at a point on the wall, corresponds to a prototype of regular re ection. In this model we distinguish between uniform regular re ection and nonuniform regular re ection or perturbed regular re ection. Uniform regular re ection corresponds to the case in which both the \incident" shock (S 1 ) and the \re ected" wave (S 2 ) are straight, separating regions of uniform ow. This type of re ection occurs for the parameter values a and b for which the horizontal velocities s 1 and s 2 are equal. Proposition 1 describes the curve in the a; b-parameter space for which this occurs. We denoted this curve by J. Figure 10 shows our numerical simulation of uniform regular re ection for a = 1:833 and b = 1:5, at time t = 1, obtained after 1188 time steps. The shocks move with the correct speed s = s 1 = s 2 = 3:859, and at t = 1 they meet at the point = 3:859 on the wall.
Perturbed regular re ection consists of a uniform shock S 1 and a curved shock e S 2 (a perturbation of S 2 ). As described in Ref The region on the right of a = p 2 and above the curve M, denoted by RR, corresponds to the OS-UTSD prototype of regular re ection. Some con gurations of shocks and sonic parabolas belonging to subregions of RR are given in Figure 11 . The corresponding geometry of shocks and sonic parabolas is given in Figure 13 . To complete the global structure of the solution in the subsonic region, a free-boundary problem for the quasilinear, degenerate elliptic equation (1) needs to be solved. The free boundary consists of two parts. One is a continuation of the shock S 2 , e S 2 , where it becomes transonic, i:e:, from the point 0 S 2 \ P 2 , and the other is a continuation of S 1 , e S 1 , from the point 1 where S 1 becomes transonic, forming a Mach stem. See Figure 13 . If we introduce a new coordinate in place of , so that the sonic parabolas become straight lines: = + 2 =4, then the shock conditions for e S 1 and 24 Two-Dimensional Burgers Equation 
Here, s = s ( ) denotes the position of a transonic shock, andũ andṽ are traces of the functions u and v at the subsonic side of the shock s . In Ref. 5] it was proved that if the Mach stem is an increasing and convex function, i:e:, if 0 s ( ) 0 and 00 s ( ) 0, thenũ is decreasing along e S 1 . Leading order asymptotic analysis, presented in Ref. 4] , implies that, if u is decreasing along e S 1 , it has a square-root type singularity at the degenerate boundary where e S 1 intersects P 1 . Figure 14 , which shows typical contour plots of u and v in the OS-UTSD prototype of von Neumann re ection, indicates that the assumptions on the geometry of e S 1 are well founded. Moreover, the results in Section 5.1 will show that our numerical simulations con rm the square-root behavior of u.
Regarding the structure of e S 2 we have the following observations. As for the Mach stem, we rst assume certain geometry of e S 2 , and then use it to conclude the behavior of the subsonic solution. Namely, we would like to prove that the strength of e S 2 decreases toward e S 1 and becomes zero at the point of interaction with e S 1 . The assumptions we employ are the following. If the shock e S 2 moves in the positive time-like direction, then 0 s 0. This behavior is also con rmed by numerical simulations; see Figure 14 . Numerical simulations also indicate the the re ected wave is concave down in the ; -physical space. This implies 00 s ( ) 0, or, equivalently, 00 s ( ) 1 2 . Now, using these two assumptions, namely, 0 s 0 26 and 00 s ( ) 1 
From the rst condition we see that 0 s = 0 at a point i = ( i ; i ) = (u i ; i ) 2 P i if and only if u = u i at i . Figure 14 shows typical contour plots of v and u corresponding to the OS-UTSD prototype of von Neumann re ection, taken after 768 time steps, at time t = 1:001. We added the parabola P 1 in the contour plot of u. Figure 14b shows that the shock e S 2 is indeed tangent to P 1 . We took a closer look at the behavior of u and v near 1 . We describe our ndings in the following section.
5.1 Square-root type singularity at 1 We took the traces of u and v along a straight line normal to the parabola P 1 at the point 1 parameter regime has been a subject of many discussions. At a rst glance the numerical pictures suggest a standard triple shock con guration as in Mach re ection modeled by the Euler equations, but without a contact discontinuity. See Figure 18 . Since the triple shock con guration cannot occur in this model, 1], the presence of a logarithmic singularity at the triple point was suspected. However, the proof presented in Ref. 8] shows that such a subsonic solution cannot be matched with the rest of the ow, and therefore, has to be discarded. Figure 17 . Similarly, each state U in the thin rarefaction wave in which U changes from U m to U D , becomes sonic at the point where the characteristic along which U is constant becomes tangent to the corresponding parabola P , and subsonic on the left of it. Therefore, there is a small hyperbolic region near by the point where S 1 and e S 2 interact, which is \embedded" in the in nite elliptic region.
In this section we show that the state behind e S 2 at the point of interaction with S 1 is indeed sonic, and that there is a region behind e S 2 which contains points that are sonic or supersonic. In Figure 18 we show contour plots of u and v corresponding to the point (a; b) = (0:8; 0:15) which belongs to the region TMR. The rst gure also shows the numerically calculated boundary of the subsonic region. We can see a sonic/supersonic region behind e S 2 . The rarefaction wave behind e S 2 is too weak to be resolved numerically, especially in the contour plot of u, where the jumps in the states across the shocks are of greater magnitude than in the vertical velocity component, v. The contour plot of v in Figure 18 shows a structure that indicates the presence of a rarefaction wave in a small hyperbolic region behind the \re ected" wave. In order to have a better look at what is happening behind e S 2 , we once again draw a contour plot of u, but with only one contour. This is shown in Figure 19 . One contour was not enough to resolve shock S 1 , however it clearly shows the sonic/supersonic region behind e S 2 and the Mach stem. To show that a degenerate quasi-one-dimensional Riemann problem takes place at I , we compared the computed value of u at the \triple point", I , and the corresponding sonic value. We have u( I ) = 5:288 and u sonic ( I ) = 5:2153. Considering that the point I is in the region of high gradients where the computational error is at its worst, we conclude that the error of 7 10 ?2 is within the error bounds of the numerical method.
The structure of the solution in the case of kinky Mach re ection is similar to the solution occurring for the parameter values in region TMR. As conjectured in Ref. 3] , the solution consists of a constant state on the left of S 2 until S 2 reaches the sonic parabola P 2 . Then S 2 becomes nonuniform, reaching S 1 at a point above the wall since, by Proposition 4, it is impossible to have the OS-UTSD prototype of regular re ection (with S 1 straight all the way to the wall) in the region KMR. Moreover, because a > p 2, the strength of the shock at the point e I , where e S 2 meets S 1 , cannot be zero. The conjecture for the solution in this case is that the shock e S 2 becomes sonic at the point where it meets S 1 , and a quasi-one-dimensional Riemann problem at e I has a solution consisting of a shock and a rarefaction wave. The di erence between this solution and the solution occurring in TMR region is that the shock e S 2 becomes tangent to a certain sonic curve on its way from 0 = S 2 \ P 2 to e I . This is shown in Figure 20 . The point of tangency is denoted by M . The derivative of the position of the shock e S 2 , given by the equation s ( ), changes sign at M . The shock e S 2 moves "backward in time" on the right of M . Expressed in ; -coordinates, the continuation of S 2 , s = ( ), is concave up in the neighborhood of M , and concave down at e I . Because of this change in curvature, the name kinky Mach re ection was used. Figure 20 shows the contour plot of v, the point 0 where S 2 intersects P 2 , the parabola P M , and the point of tangency, M , between e S 2 and P M . Notice how this solution interpolates between the solution occurring in RR-region (where the continuation of e S 2 can be thought of as moving \backward" in time), the solution occurring for the parameter values in the TMR-region (where the structure of the local solution at I is identical), and the solution corresponding to the vNregion (where the continuation of S 2 is tangent to the parabola P M = P 1 and M = 1 ).
Conclusions
In this work we provided a complete description of possible solution structures for the initial-value problem (1) and (2) . Several questions remain open. They relate to the proofs of global existence of solutions, numerically studied in this work, and to the relevance of the solution structures studied here, to the actual problem of shock re ection. In particular, it is of interest to see how the OS-UTSD prototype of von Neumann re ection relates to the problem of von Neumann re ection modeled by the full set of compressible Euler equations with initial data consisting only of an incident shock.
